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INTRODUCTION AND PERCEPTUAL DEFINITION OF "KNOT" 

It is a well known fact that perceptual organization is the result of two contrary and 
complimentary; processes. The effect of "similarity" is such that similar stimuli tend to 
aggregate while dissimilar ones tend to separate; the same thing happens for "proxi-
mity" and " good continuation ", etc. In the same way the articulation of background 
(Rubin, 1921, 1927; Koffka, 1935) may be considered the result of segregation proces-
ses of the background figure. Some of the many ways in which our perceptual system 
exploits aggregation and segregation processes in order to organize stimulatory infor-
mation are as follows; 
- Amodal completion (Fig, la) in which two figures appear dislocated in different 

depths as a result of segregation although they are, in fact, on the same plane 
(Kanizsa, 1970). 

Figure 1. Some cases of perceptual aggregation and segregation: amodal completion in a, completion with unifi-
cation in b, anomalous contours in, phenomenic folding in d. 



Figure 3. Three moments of the construction of a knot 



Figure 4. Closed knot in a, open knot in b. 

- Completion with unification (Fig. lb) in which, as a result of segregation , the pheno-
menally occluding and occluded figures are found to lie on different planes, whereas 
as a result of the aggregation effect the occluded forms unite under the occluding 
ones; 

- Anomalous contours (Fig. 1c) may be considered as a product of aggregation 
between separate parts which present specific structural characteristics (Kanizsa 
1955, 1979). 

- Phenomenic folding (Fig. 1d), in which surfaces that are phenomenally dislocated on 
different planes are aggregated into a single structure (Massironi, 1985, 1988; 
Massironi & Bruno, 1997). 

A particularly eloquent example of the degree of complexity that the processes of 
aggregation and segregation are able to control is the one presented in Fig. 2a, which 
shows a Japanese emblem. Figs. 2a, b are representations of a knot obtained from triple 
folding plus the interlacing of a rectangular band of paper which, however, remains flat 
(Fig. 3). This figure is not always described immediately as a knot by all who observe 
it; but, as soon as the definition "knot" is proposed everyone recognises it as such. 

Knots of this type may be "closed", as in Fig. 2, or "open", as in Fig. 4. For the pre-
sent we shall treat only closed knots. 

We define a "closed knot" as a knot made from a flat layer following three complete 
folds and an interlacing, so that three visible segments always converge at the ends of 
the three folding lines. 

The observer who perceives figures 2a and b as knots sees that the four regions of 
which they are made up belong to a single structure, and that such a structure is a two-
dimensional band which has folds and interlacing. This complicated phenomenic ren-
dering can only be the result of the processing of some specific information deriving 



from the figures themselves, and it is our aim to discover what they are. For this purpo-
se the first step is to define the knots from a geometrical point of view. 

TYPOLOGY OF KNOTS 

In Fig. 5a are outlined three figures obtained by changing the angle at the vertex of 
the knot (from now on: AVK) of Fig. 2b while maintaining, as far as possible, the other 
characteristics. The following questions may be posed : 
1) Are we still dealing with knots that can be made from folding and interlacing of a 
two-dimensional sheet? 
2) If so, how does the original sheet of each one differ from the rectangle which forms 
the basis of Fig. 2b? 
3) Are they, too, perceived as representations of knots? 



In order to reply to the first two questions: the component parts of each of the three 
figures have been rotated in such a way as to "undo the knot". The sheets thus obtained 
are reported in Fig. 5b. 

Comparison of the four strips yields the following rule: 
The characteristics of the flat figures, from which it is possible to obtain the type of 

knot so far considered, depend on the width of the angle at the vertex of the knot 
(AVK) in the following way: 
- the knots with AVK of 108° derive from a rectangular band whose FE s are three 

lines of a regular pentagon. Given its singularity, the 108° knot may be considered 
the knot "par excellence"; 

- knots with different AVK from 108° derive from three broken strips in which the 
axes of the two extreme parts, together with the axis of the central part, form angles 
of the same width but in opposite directions (Fig. 5b). The width of this angle may be 
obtained, given the width of the AVK, by means of a special formula; 

- the length of the central segment of the broken strip depends on the width of the band 
and the AVK. 

GEOMETRIC CHARACTERISTICS OF KNOTS 

The graphic representations of geometrically possible knots are not limited to those 
so far described. Let us, therefore, define the geometrical constraints related to all kinds 
of feasible knots. In order to simplify the following explanations the names that will 
be used to describe the various parts of a knot are indicated in Fig. 6. 

Angle at the vertex 
of the knot (AVK) 

Figure 6. Nomenclature of the knot. 



In order that a drawn figure represents a really knot - that is, once "open" it produ-
ces a single flat figure whose outlines are composed in various ways - the following 
geometric conditions are necessary: 
1) the presence of three segments (i.e. three folding lines=FL) laid in such a way that 
the ends of one of the edges can be directly connected to the ends of the other two 
edges (Fig. 7a). The segment connected to the other two will be called FL1; 
2) The three FLs must be laid out in such a way as to belong either to the sides of a 
triangle, or to be parallel to one another (Fig 7a). 

In the first case, 
3) the joints between FL1 and the other two FLs must be on the same side compared 
to FL1 (Fig 7a) In Fig. 7b are shown some examples in which the position of FL1 is 
incompatible with the formation of a knot; 
4) the ends which converge on FL1 and FL2 are vertexes of one of the two arms, 
whereas the ends which converge on FL1 and FL3 are vertexes from the other arm 
(Fig. 8AB); 

Figure 7. Geometric constraints of an outline figure which represents a knot. Explanation in the text. 



5) there most be a connection between the lower sides of the arms and the correspon-
ding ends of the opposite FL, which is brought about by not more than two segments 
(Fig. 8A B). 

In the second case (parallel FLs) 
3a)two segments must be together on the same side opposite the third (FL 1) Fig. 8C; 
4a) the sides of the arms are prolongations of FL1 and FL2 GO one side , and of FL1 
and FL3 on the other side (Fig.8C). 

In Fig. 8A' B' C' the flat figures, from which the three knots of Fig. 8A B C are 
obtained, are displayed. 

Figure 8. Three different knots which are geometrically legal in a, the flat figures from which the three knots are 
obtained in b. 



EXPERIMENT 1 

Preliminary results have shown that in some circumstances people are not able to 
control all the parameters in the figure of a knot in order to draw it or at least to be 
able to recognise the development which has generated it, even if they are able to iden-
tify the knot, with some degree of certainty, as a result of folding tad interlacing of a 
single strip. The purpose of the experiment was to verify the why and whereabouts of 
this difficulty. Our first hypotheses were the following: 
1) that the width of the angle at the vertex of the knot affects identification of the 
unfolded band in the sense that the 108° angle would facilitate it; 
2) that some of the "irregularities" at the centre of the knot, which did not compromise 
its geometric compatibility, would make identification of the correct open development 
more difficult; 
3) that, for the identification, the subjects would place their trust in the presence of 
structural characteristics present in the knot and the unfolded comparable figure. 

The subjects were asked to compare the knots presented in the left column of Figs. 
9a,b,c with those in the right columns. 

There were three groups of knots which varied in their structural characteristics; 
Normal; when the two segments of the central part were parallel (Fig. 9a); with a re-
entrant FL3, in which FL3 was shifted 10 mm into the central part of the knot (Fig. 
9b); Not Parallel, in that the segments of the central part were not parallel (Fig. 9c). 
Each of these groups contained three knots with different widths of the AVK whose 
values were 90°, 108° and 130°. 

Figure 9a. Material for experiment 1. 



Figure 9b. Material for experiment 1. 

Figure 9 c Material for experiment 1. 



Subjects were asked to assess the subjective degree of correspondence between 
each knot and each development associated with them. 

This evaluation was expressed by means of a 10-step scale, where value 1 indicated 
the complete absence of a relation between the knot and the open figure, and value 10 , 
complete correspondence between knot and figure. 

In theory, all the correct developments should receive a score of 10' and all the 
others a score of 1. 

Results 

The results which emerged from the ANOVA 3x3x4 calculations are summarized as 
follows; 

Among the main effects it was found that the Normal knots produced correspon-
dence evaluations which were significantly higher than either the Non Parallel or the 
knots with re-entrant FL3, whereas the variables, AVK width and comparable figure, 
did not attain significance (see histogram to the left of Fig. 10 top). 

From the interaction between Knot Structure and Comparable Figure it was revea-
led that the correspondence evaluations attributed to the Normal Knots were signifi-
cantly higher when they referred to the developments "Correct" (X=7.1) and "Straight" 
(X=6.29), as compared to the developments "Z shaped"(X=5.54) and 
"other"(X=5.42). As for the Non Parallel knots the Correct answers (X=5.08), "other" 
(X=5) and "Z shaped" (X=4.52) were not found to vary significantly among one 
another, but they were significantly higher compared to the Straight ones (X=2.67). 
Similarly, there were no significant differences among the estimates of correspondence 
in relation to the four comparable figures, as far as the knots with re-entrant FL3 were 
concerned, (correct X=3.9; straight X=4.71;"Z shaped" X= 5.12; "other" X=4.39) (see 
Fig. 10 bottom). 

This indicates that the information of parallelism of the segments of the central 
band and the coincidence of FL3 and FL2 in the knot vertex are markers that increase 
the correspondence evaluation. This fact does not, however, involve an increase also in 
the correct attributions. These results would seem to favour the hypothesis that the task 
is not cognitively controllable, but is carried out rather by utilizing partial information. 
The subjects appeared to base their evaluation on some visible aspects of the figure 
which were similar in the two configurations under comparison, but were unable to 
assess all the parameters necessary in order to retrace the correct geometric develop-
ment of the knot in question. It is almost as if they applied a kind of heuristic percep-
tion based on a small amount of information. 

The operation of mental transformation required for the task is too complicated 
from a geometrical point of view so that, even if the subjects realised that the knots 
originated from a flat figure, they were unable to undo them in their minds in order 
to get back to the shape of that figure. This hypothesis is in agreement with the mean 
evaluations of the correspondence estimates that were found to be significantly 
above the mean point of the scale - a point that may be defined as "greatest uncer-
tainty" - only in the case of the Normal figures (130° X=5.7969; 108° X=6.5937; 90° 
X=5.9062). 



Norma! Non Parallel FL 3 reentrant 
Figure 10. Synthesis of the results of experiment 1. Explanation in the text. 



EXPERIMENT 2 

In the first experiment the comparison was always between a knot and an open 
band. The information that the subjects could retrieve from the open hand was, therefo-
re, limited. 

In the second experiment the aim was to verify whether more open strips presented 
in concomitance, allowing not only a comparison with the knot but also among them, 
would facilitate identification of the correctly unfolded band. Moreover, instead of an 
evaluation of the degree of correspondence between band and knot subjects were 
asked, above all, to indicate which of the three figures in comparison was the correct 
one. Considering the high degree of uncertainty which emerged from the first experi-
ment and the fact that the subjects were allowed to state that the correct corresponden-
ce was not present among the developments shown, a high number of negative answers 
was expected. 

Material consisted of 4 knots (corresponding to the Normal knots of Experiment 1) 
with angles at the vertex of 60°, 90°, 108°, and 130°. For every knot there were 6 
unfolded figures for comparison, each of which presented some structural characteri-
stic of the knot. 

Each knot was presented twice, firstly with three figures for comparison, which 
included the correct one , and then with three others . 

Results 

In the first two lines of Table 1 are reported the correct and incorrect choices relati-
ve to the four types of knots (with AVK of 60°, 90° 108°, 130°), and in relation to the 
two types of comparison (in presence and absence of correct development). From a 
logical point of view the second comparison that the subjects had to make for the same 
knot should have involved a negative answer in all cases in which the first comparison 
had been positive (regardless of whether it was correct or not). This occurred only 8 
times out of 60. This result is further evidence of the fact that the task was carried out 
in an approximate way, most likely based on some corresponding aspect between the 
knot and the three figures for comparison. This would probably account for the high 



number of double correspondences of those cases in which two different developments 
were attributed as correct to the same knot, see third line fourth row of Tab. 1. 

The results of the two experiments recall to mind some concepts that are in agree-
ment with what emerged from our work, even if they refer to different experimental 
contexts. They may be summarized in the four brief epigraphs: 
- the bag of tricks by Ramachandran (1985), when he states "One could argue that the 
visual system often cheats, i.e. uses rules of thumb, short -cuts, and clever sleights -of-
hand that were acquired by trial and error through millions of years of natural selec-
tion" (p. 101); 
- the "sloppy geometer" by Perkins and Cooper in 1980. Perkins (1972) had come to 
the conclusion that the perceiver acted similarly to a geometer who is not too rigorous 
but rather imprecise and a little slipshod; 
- "perceptual heuristics" by Proffitt et al. (1992). Perceptual heuristics, as such, does 
not proceed on the basis of an elaboration of geometrically logical data, but on the con-
trary "Clearly the visual is doing something that is not entirely explicable in terms of a 
canonical geometrical analysis of the stimulus (p. 20); 
- "the open and preliminary conclusion" by Wagemans and Kolinsky (1994), accor-
ding to whom "Perhaps the visual system is able to use a variety of sources and infor-
mation and mechanism to process them, by putting different weights on the various 
sources of information and compromising between different mechanisms, depending 
on the task" (p. 380). 

THE PERCEPTION OF PHENOMENICAL KNOTS 

We shall now take into consideration the geometrical constraints that must be 
respected in order that a drawing represents a geometrically feasible knot (i.e. which 
may be made from a flat sheet) and try to compare them with the aspects of the figure 
that a drawing has to present if it is to be seen as representing a knot. Also in the case 
of knots, as in everything that concerns perception, the physical constraints and the 
phenomenally factors only partially correspond. 

We may now illustrate those factors, verified below only in part so far, that are able 
to determine perception of closed knots. 
A) Respect of the constraints illustrated in the first 5 points of the geometric characteri-
stics listed in paragraph 3, excluding the cases of parallelism between FLs. 

And furthermore: 
B) - The three phenomenally superimposable regions must be visible: when this con-
straint is not respected it annuls the phenomenic evidence of the knots which remain 
such from a geometrical point of view, as is shown in the examples in Fig. 11a. 

- The three FLs must be clearly visible. Fig.11b gives examples in which this con-
straint is not respected resulting in the annulment of the phenomenal evidence of the 
knots which remain such from a geometric point of view. 

- The FL1 (the one connected to both FL2 and FL3) must not lie on any of the inter-
nal sides of the two arms. If this is not respected it annuls the phenomenic evidence of 
the knots which remain such from a geometric point of view (Fig. 11c gives examples 
in wich this constraint is not respected). 



- The AVK must be present in the sense that FL2 and FL3 must be connected in 
such a way that AVK is visible (Fig. 11d gives examples in wich this constraint is not 
respected). 

- The width of the AVK must be less than 180° (Fig. 1 le). 
Let us call "phenomenical knots" the outline figures which present the previously 

listed characteristics. 

Figure 11 Geometrically legal knots which are not seen as knots. 



Although the experiments are still incomplete, it is possible to state that: 
all the configurations that look like knots from a phenomenical point of view are also 
knots that are feasible from a geometrical point of view; 

- not all geometrically possible knots are also phenomenically evident: 
For the moment it may, therefore, be concluded that; 

A) Perception of a closed knot involves the setting in motion of some processes : i) 
segregation at a local level, in that the various regions are phenomenically dislocated at 
different depths; ii)aggregation at a global level, in that the various regions are seen to 
belong to a single two-dimensional structure (sheet). 
B) It is possible to verify directly, without having to carry out quantitative checks and 
investigations, whether or not a drawn figure represents a geometrically possible knot. 
It is a question of the aforementioned geometrical constraints. 
C) It is not, however, possible to establish directly, without checking precisely the FLs 
and the distance that separates them, whether a sheet may give rise to a closed knot. 
The case of the rectangular band is an exception. 
D) Although the perceptual rendering of knots is extremely evident in many cases, the 
observer is not able to retrace the shape of the sheet that produced it. 

THE BEGINNING OF AN EXPLANATION: AMODAL COMPLETION BY 
FOLDING 

In order for a drawn figure to be seen as a knot, there must be, contemporaneously, 
the presence of conditions that favour amodal completion, phenomenal folding and 
phenomenal interlacing. We happened to fall upon a small, but interesting, discovery 
regarding amodal completion when we were trying to understand which information is 
used, and how, to produce, concomitantly, these three perceptual renderings. 

The examples of amodal completion and unification for completion reported in the 
literature are in the nature of those shown in Fig. 12a, in which the margins of the phe-
nomenically occluded part meet an externally occluding side of the figure. Let us now 
look at Fig. 12b, in which the margins of figure"L" meet a side of figure "K" from the 
inside. From a perceptual point of view, the segment which is common to both figures 
assumes an uncertain position. In fact, it is not sure whether it is seen as a side of "L" 
which coincides with a part of the side of "K", or whether it is seen as FL of "L" 
which, folded, is amodally completed behind figure "K". 

In the former case there is some resistance, in accordance with both the Rock's prin-
ciple of rejection of coincidences (1983) and what is foreseen from the theory of non 
accidental properties (Lowe, 1987; Vitkin and Tenenbaum, 1983). In the latter case, in 
which both rejection of coincidences and accidental conditions are respected, there 
lacks, however, a visual anchor to stabilise the perception of the common segment as a 
folding margin. „. 

The latter solution , instead , becomes immediately coercive if a rectangular or tra-
pezoidal figure "M" is added to the side of "K" opposite the one on which "L" lies (fig. 
12c). In this case figure "M" is seen to complete itself with "L" under, the rectangle 
"K", i.e. regardless of the fact that the correspondences and the continuity of direction 
between the ends of "M" and those of "L" are respected. This is a "completion by fol-



ding" in which the occluding figure is seen, in its turn, to be occluded by the figure that 
it occludes. 

Completion by folding, in our opinion, explains why we see an interlacing in a 
knot. Figure 13, in which a knot is broken up into sections, illustrates how completion 
by folding works. In Fig. 13a section "L" is brought up to the internal margin of "K", 
i.e. triggering the tendency to see "L" uniting with other figures which approach the 
opposite side of "K". This tendency favours the unification of "L" with "M" under 
"K". In the same way in Fig. 13c section "K" drawn towards the internal side of "M" 
tends to unite with "L*" which, in the case of a knot, is the internal face of "L". The 
same thing is repeated in Fig.- 13b. 

Figure 12. Completion by folding. Explanation in the text. 



Figure 13. A 108° knot broken up into sections, in order to explain the perception of phenomenical knots by 
means of completion by folding. 

UNDOING THE KNOT 

From the results of the experiments it has emerged that, through observation of the 
knot, it is impossible to retrace , with any degree of certainty , the flat figure that pro-
duced it,(with the exception, perhaps, of the knot with AVK of 108°). 

This not withstanding, we continue to see the knots. as the product of folding and 
interlacing of a flat figure, whereas, when observing the development of a knot, it is not 
possible to see or imagine that it could be achieved as a result of folding and interlacing. 

At this point we questioned the need for the processes of segregation and aggrega-
tion with which perception allows us to see the four sections present in the representa-



tion of a knot as belonging to a single structure. Not only, but also to show us the ope-
rations whose effects can turn that structure into a knot. 

The answer that we propose is that in a knot we do not see its "making" but rather 
its "undoing", the possibility, that is, of being able to intervene in order to undo it until 
a continuous form is obtained. 

If we extend these considerations to more everyday situations such as knots obtai-
ned from string, ropes and ties it is evident that these are examples of "making", in 
Gibson's sense of affordance, but they do not allow us to see any of the many knots 
which we can retrace, whereas almost all knots quickly reveal how they can be undone. 
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